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We prove: If xk and y, (k = 1, . . . . n) are real numbers satisfying 
0 =x0 <x, <x2/2 < ‘. < x./n and o<y,-<ynm,< “’ -s.YI. 
then 
with equality holding if and only if xk =kx, (k = 1, ,,., n) and y, = ‘.. = y,,. 
Inequality (*) is valid, in particular, if the sequence (xk) is positive and convex. 
0 1992 Academic Press, Inc. 
1. INTRODUCTION 
The famous Cauchy-Schwarz inequality states: 
If x = (x,, . . . . x,) and y = (y,, . . . . y,) are two n-tuples of real numbers, 
then 
(;, xkyk)2 ,_, k:, G c 4 c Y: (1.1) 
with equality holding if and only if x and y are proportional. This result, 
which is also called the Cauchy-Schwarz-Buniakowski inequality or 
simply the Cauchy inequality, has evoked tremendous interest among 
many mathematicians and numerous extensions, variants, and inverses of 
(1.1) were published; see [l, 3, and references therein]. 
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It is well known that under additional assumptions inequalities can be 
sharpened. Remarkable refinements for all classical inequalities can be 
found in literature. In particular there exist interesting sharpenings of (1.1). 
We mention two of them: 
In 1952 A. Ostrowski [4, p. 2891 proved: 
If x = (x,, . . . . x,), y = (y,, . . . . y,), and z = (z,, . . . . zn) are n-tuples of real 
numbers such that x and y are not proportional and 
” ” 
c x&z&=0 and c Ykzk= l, 
&=I &=I 
then 
The following proposition was given by H. W. McLaughlin [2] in 1966: 
If x = (X,) . ..) xln) and Y = (Y,, . . . . y2,,) are 2n-tuples of real numbers, then 
[i (x,kY2k-1-x2k-l~2k~]2~ F x:kE,y:-( g &yx)2. 
k=l k=l k=l 
Further refinements of (1.1) were published in the monographs [ 1,3]. 
The aim of this paper is to present a sharpening of the Cauchy-Schwarz 
inequality written in the form 
(k!,xkyk~ ,:, &=, G c Yk i x: I’&. 
In Section 3 we prove that the inequality 
(,z,xkyk)2 ,I, ,:,( ’ ) G c yk c x:--4xkx&L, y, (1.2) 
is valid for all n-tuples x = (x,, . . . . x,) and y = (y,, . . . . y,) such that 
and 
0 = x0 < x1 6 x2/2 < . . . < x,/n 
o<y,<y,_,< ... dy,. 
The sign of equality holds in (1.2) if and only if xk = kx, (k = 1, . . . . n) and 
y,= . . . =y,. 
The proof of this theorem is rather long. We start by formulating and 
establishing three lemmas which we need later. 
409/168/2-21 
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2. THREE LEMMAS 
LEMMA 1. If 0 = x,, < x, 6 x,/2 < . . . <x,/n, then 
2 i: x,<(n+l)x, 
k=l 
(2.1) 
and 
(2.2) 
Equality holds in (2.2) if and only if xk = kx, (k = 1, . . . . n). 
Proof. We have for k = 1, . . . . n - 1: (k + 1) xk < kx, + r. Adding yields 
n-1 n-l n-l 
2X,+ 1 (k+l)x,= c (k+l)X,d c kXk+, 
k=2 k=l k=l 
,t ~ I 
= 1 (k-l)x,+(n-1)x, 
k=2 
which implies 
“-1 
2x,+2 c x,+2x,=2 i x,<(n+ 1)x,. 
k=2 k-1 
We prove (2.2) by induction on n. For n = 1 the assertion is true. Next we 
assume inequality (2.2) holds with n - 1 instead of n and we define for n > 2 
and x,>(n/(n-l))x,-,: 
f(x,)= 
3(n + 1)2 
4n .;-y.,, i x,+ i (,:+&,). 
k=l k=l 
Differentiation leads to 
From (2.1) and x, b (n/(n - 1)) x,- I we get 
2n2+3n-5x ,o. 
f’(xiJ~ 4n II 
Thus we obtain 
(2.3) 
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with equality holding if and only if x, = (n/(n - 1)) x,_ i. A short calcula- 
tion reveals that 
f(~x”-,)=[~X~~,-~“.~,n~‘Xk+n~‘(x:-~x”””-~)] 
k=l k=l 
n-1 
+ -2cx,. 
k=l 1 (2.4) 
From the induction hypothesis and from (2.1) we conclude that both terms 
in the square brackets of (2.4) are non-negative, so that (2.3) and (2.4) 
imply 
f(x,,) 2 0. 
If f (x,) = 0, then we obtain x, = (n/(n - 1)) x, _ I and since the expression 
in the first square brackets of (2.4) must vanish as well we conclude from 
the induction hypothesis that 
X,=kX, (k = 1, . . . . n - 1). 
Because of x,, = (n/(n - 1)) x,, _, = nx, we have 
xk = kx, (k = 1, . . . . n) 
which completes the proof of Lemma 1. 1 
The results of Lemma 1 are important to establish 
LEMMA 2. Zf O=x,<x,<x,/2,< . . . <x,+,/(n+l), then 
--x,x,+~-2x,+, i x,+ i 
k=l k=l 
+~xkxk-,) 
with equality holding if and only if xk = kx, (k = 1, . . . . n + 1). 
Proof We define 
i xk+ i 
k=l k=l 
Differentiation yields 
n+l 
g’(x,+,)=2nx,+l-4x”-2 i xk. 
k=l 
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From (2.1) and the assumption x,, + ,a ((n + 1 )/n) x, we conclude 
x’(x,,+,)++ l)x,>O 
which implies 
nfl 
&,+,)bg y-X” ( ) (2.5) 
with equality holding if and only if x,+ 1 = ((n + 1)/n) x,. Because of 
3(n+ 1)2 2(n+l) n n 
x2--x,, c x,+ 1 
4n n n k=l k=l 
we obtain from (2.2) and (2.5) 
If g(x, + r ) = 0, then we have x,+ , = ((n + 1 )/n) x, and since 
g(((n + 1)/n) x,,) = 0 we conclude from Lemma 1 that xk = kx, (k = 1, . . . . n) 
which implies that xk = kx, (k = 1, . . . . n + 1). 1 
Now we prove the validity of inequality (1.2) for the special case 
y,= . . . =y,,=l. 
LEMMA 3. ZfO=x,<x,<x,/2 d ... <X,&I, then 
(i, xk)26nj, (x:-~xkxk-l) (2.6) 
with equality hofding if and only if xk = kx, (k = 1, . . . . n). 
Proof. We use induction on n. For n = 1 the assertion is obviously true. 
Next we assume that the proposition holds for n > 1. Then we conclude 
from the induction hypothesis and from Lemma 2 that 
bn i 
( 
1 
+---kxk-1 
k=i 4 > 
+2x,+, i xk+xi+1 
k=l 
n+l 
d(n+l) 1 
( 
2 l 
Xk--Xkxk-1 . 
k=l 4 > 
If (c;zi x,)‘=(n+ l)czL: ( xi - axkxk-,), then the sign of equality 
holds in particular in the last inequality and from Lemma 2 we conclude 
x,=kx, (k=l,..., n+l). 1 
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3. THE MAIN RESULT 
Now we are in a position to prove the theorem stated in the 
Introduction. 
THEOREM. Let x = (x1, . . . . x,) and y = (y,, . . . . y,) be n-tuples of real 
numbers such that 
and 
0 = x0 < x, 6 x2/2 < . ’ . ,< x,/n 
o<y,<.Y,-,< ... Qy,. 
Then we have 
(3.1) 
with equality holding if and only if xk = kxI (k = 1, . . . . n) and y, = ... = y,. 
ProoJ: If yi= ... =yn, then inequalities (3.1) and (2.6) are equivalent. 
Hence we may assume y, > y, (n 2 2) and we prove (3.1) with “c” instead 
of “ < ” by induction on n. 
We define for y, > y, 
NY,)= i yk 5: (x~-~xkxk-+k-( i xkYk)2. 
k=l k=l k=l 
Because of 2x, ,< x2 we conclude that 
h’(y,)=y, 2 9 x:+x,--xX,x2 
1 
4 
a- y*x,x*>o, 
4 
and from (2.6) with n = 2 we obtain 
hhbWd=y: xk)i]To’ 
Next we suppose that the assertion is true for all natural numbers less than 
n. We define 
dy,,...,yn)= i Yk i 
k=l k=l 
(x:-;xkxk-l)Yk-( i xkYk)2 
k=l 
and for y>y4+1 
cpq(Y)=dY, -,YrYq+1, YY,) (q= 1, . . . . n- 1). 
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We show that (py is strictly increasing on [Y,, i, co). 
We differentiate (py twice and apply inequality (2.6); then we have 
fbDg(Y)=Y i 
k=l 
-+;xkxk-,)-(;, xk)2>o 
which implies 
From (2.6) we conclude that the difference in curled braces is non-negative. 
If we denote the expression in square brackets by A, then we obtain from 
(2.6) and the induction hypothesis 
-$, x~,‘+(k~+~x~~~) 
-;k=~+lykk~,xk i XkYk 
k=y+ 1 
3 0. 
If (for a contradiction) A = 0, then we could conclude from Lemma 3 and 
the induction hypothesis that 
x,=kx, (k = 1, . . . . n) (3.2) 
and 
Y,, I = ..’ =y,; (3.3) 
further we would have 
f,=$+,ykk$,x*= i xk Yk. (3.4) 
k=y+l 
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From (3.2) and (3.3) it would follow that (3.4) was equivalent to q=n, 
which would contradict the assumption q < n - 1. 
Hence we have A > 0 which leads to 
d/(Y) ’ 0 for Y~?Y~+~. 
Because 
cpr(Yr+ I) = (PI+ I (Yr+ I) (r = 1, . ..) n - 2) 
we get 
dY I, . . ..Y.)=cp,(Y,)b(P,(Y,)=(P*(Y2)~ .‘. 
~(Pn~z(Yn~I)=(Pn-l(Yn-,)~~n-l(Yn) (3.5) 
= cp(Y”, . . . . 
and from (2.6) we obtain 
dY , , . . . . Y,) 2 0. 
Since (py- is strictly increasing on [y,, ,, co) and because yj> yi+ 1 for a 
number in { 1, . . . . n - 1 } we conclude that at least one of the inequalities in 
(3.5) is strict. Thus we get 
dY I, *..3 Y,) > 0 
which we had to prove. 1 
Remark. The theorem is in particular true if we assume that the 
sequence (xk) is positive and convex; this means if x,, = 0 and 
2xk<xk-l+xk+, (k = 1, . . . . n - 1). 
Indeed, since x, <x,/2 and 
(k-l)[T-2]<(k+l)[j$f-$j (k=2,...,n-1) 
it follows by induction that (xk/k) is increasing. 
604 HORST ALZER 
REFERENCES 
1. P. S. BULLEN, D. S. MITRINOVI~, AND P. M. VASI~, “Means and Their Inequalities,” Reidel, 
Dordrecht, 1988. 
2. H. W. MCLAUGHLIN, “Inequalities Complementary to the Cauchy-Schwarz Inequality for 
Finite Sums of Quaternions; Refinements of the Cauchy-Schwarz Inequality for Finite 
Sums of Real Numbers; Inequalities Concerting Ratios and Differences of Generalized 
Means of Different Order,” University of Maryland, Technical Note BN-454, 1966. 
3. D. S. MITRINOVI~, “Analytic Inequalities,” Springer-Verlag, New York, 1970. 
4. A. OSTROWSKI, “Vorlesungen iiber Differential- und Integralrechnung,” Vol. 2, Birkhauser, 
Basel. 1951. 
